Ward Identities for N=2 Rigid and Local Supersymmetry in Euclidean Space by Theis, Ulrich & van Nieuwenhuizen, Peter
ar
X
iv
:h
ep
-th
/0
10
82
04
v1
  2
7 
A
ug
 2
00
1
YITP–SB–01–38
hep-th/0108204
Ward Identities for N=2 Rigid and Local Supersymmetry
in Euclidean Space
Ulrich Theis1 and Peter van Nieuwenhuizen2
C.N. Yang Institute for Theoretical Physics
State University of New York at Stony Brook
Stony Brook, NY 11794-3840, USA
vannieu,theis@insti.physics.sunysb.edu
Abstract
We construct and check by explicit Feynman diagram calculations the BRST Ward
identities for N = 2 rigid super Yang-Mills theory and N = 2 extended supergravity in
four-dimensional Euclidean space without auxiliary fields. We use the Batalin-Vilkovisky
formalism. In the supergravity case we need one new contractible pair of complex spinor
fields to obtain the usual gauge-fixing term and corresponding Nielsen-Kallosh ghosts.
1 Introduction
Many calculations these days of processes involving the AdS/CFT correspondence and
its connection to ten-dimensional supergravity theories use Euclidean formulations of
the field theories instead of Minkowskian formulations, see for example [1]. It seems
useful to discuss the properties of these field theories at the quantum level, in particular
to study the Ward identities. The present paper is intended as a pilot program; we
shall consistently make simplifications when they reduce the amount of algebra and do
not change the fundamental issues we study. For example, we shall evaluate the Ward
identities for extended supergravity in flat space instead of anti-de Sitter space. Our final
results are therefore easy to understand and check, but the more realistic cases will be
more complicated.
One problem that arises with Euclidean N = 1 supergravities in D = 10 is that there
do not exist Majorana-Weyl spinors in D = 10 Euclidean space, while the Minkowskian
theories use such Majorana-Weyl spinors. One solution to the problem is to view all fields,
bosonic as well as fermionic, as complex in Euclidean space and to forget about such reality
conditions as Majorana spinors, real self-dual antisymmetric tensors etc. Since all fields
appear “holomorphically”, i.e., the (complex) fields but not their complex conjugates
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appear in the action and transformation rules, supersymmetry holds equally well in the
complex theory in Euclidean space as in the real theory in Minkowski space. In particular,
the symmetries of fermion bilinears and Fierz rearrangements of terms quartic in fermion
fields needed in the proof of (rigid or local) supersymmetry only depend on properties of
the charge conjugation matrix, but do not require real spinors [2]. In this sense Euclidean
N = 1 supersymmetries and supergravities do exist.
Whether these N = 1 theories exist at the nonperturbative level, i.e., whether the
path integral makes sense, is another question which we do not answer in this paper.
For Euclidean path integrals, Gibbons, Hawking and Perry [3] have suggested to make
one more Wick-like rotation on the conformal part of the metric, such that the action
in the path integral becomes bounded from below. It may be that one can also make a
corresponding Wick-like rotation on a conformal part of the gravitino, in such a way that
the new action is still supersymmetric, but we have not studied this problem. We will
study a Ward identity in Euclidean N = 2 supergravity, and find that with the standard
(unmodified) Feynman rules this Ward identity in Euclidean space is satisfied.
In this article we consider N = 2 supersymmetric theories. For them, one can combine
a pair of Majorana spinors into a Dirac spinor, and a complex Dirac spinor in Euclidean
space can also be written as a pair of Majorana spinors, but with a modified (“symplectic”)
Majorana condition. The real bosonic fields in Minkowski space are again real in Euclidean
space. Hence, for N = 2 theories complexification is not needed.
However, there is a second problem with Euclidean theories, namely certain spinless
fields acquire an extra minus sign in front of their kinetic action, and extra factors of i
in front of their Yukawa couplings [4]. The origin of these minus signs and factors of i
was pointed out in [5], where it was noted that a pseudoscalar in four dimensions can
be represented in terms of four scalar fields φi as ε
µνρσ∂µφ1∂νφ2∂ρφ3∂σφ4. Precisely one
derivative is timelike and hence the Wick rotation produces a factor i. This mechanism
explains why the kinetic action of the axion in D = 10 changes sign in Euclidean space.
In [5] the Wick rotation was extended to fermions. The basic idea was that the
Wick rotation for a vector (A0, ~A ) → (iAE4 , ~AE) is really an induced representation
Aµ(t, ~x) → OµνAEν (τ, ~x) with Oµν = diag(i, 1, 1, 1) (we denote Minkowski time by t and
Euclidean time by τ). It was then natural to assume that for fermions ψ → OψE, where
O is again a 4 × 4-matrix with spinor indices, but now the matrix will not be diago-
nal. Consistency arguments then show that O is a complex Lorentz rotation in the t-τ
plane, which is the spinor representation of the Wick rotation. With these matrices O
for (real or complex) bosons and complex fermions one can construct from every field
theory in Minkowski spacetime a corresponding theory in Euclidean space. One finds
then that certain internal compact rigid symmetries become noncompact after the Wick
rotation, just like the noncompact spacetime symmetry SO(3,1) becomes the compact
SO(4). This exchange of compactness and noncompactness between spacetime and inter-
nal symmetries is not surprising if we take the spacetime origin of internal symmetries
provided by the Kaluza-Klein program into account. For example, the SO(9,1) symmetry
of N = 1, D = (9, 1) super Yang-Mills theory becomes an SO(3,1) × SO(6) symmetry if
one compactifies on a 6-torus, but it becomes SO(4)× SO(5,1) with a noncompact internal
SO(5,1) if one compactifies on a torus T(5,1) where the time axis has been compactified
[6]. The same features arise in the compactification of N = 1, D = (9, 1) supergravity on
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S3 × AdS3 leading to N = 4, SU(2)×SU(1,1) supergravity in four-dimensional Euclidean
space [7].
Although some of the properties of Euclidean supersymmetric field theories have been
explained in this way, the next question, dynamics and Ward identities in Euclidean
space, has been less studied. One reason for this absence of such studies is that for super
Yang-Mills theories in x-space the gauge fixing term and the ghost action break the rigid
susy. One must then derive Ward identities for explicit symmetry breaking [8]. For 3 + 1
dimensional susy gauge theories one can (at least for N = 1 models) go to superspace
with (anti-) ghost superfields and preserve rigid susy. However, for D > 4 and N > 1 no
full-fledged off-shell superspace formalism exists, whereas for D = 4, N = 1 one runs into
the problems with Majorana spinors mentioned above.
Over a decade ago, it was noticed [9] that one can treat rigid symmetries of Minkowskian
field theories on the same footing as local gauge symmetries, and use a BRST formalism
[10] (more precisely a field-antifield formalism, also called a BV-formalism [11, 12]) for all
(rigid and local) symmetries simultaneously. This was applied to rigid supersymmetry in
[13, 14, 15]. One of the purposes of this paper is to apply this formalism to supersymmetric
field theories in Euclidean space and to derive Ward identities. In particular, we shall
analyze in explicit examples whether the minus signs and factors of i due to the Wick
rotation of pseudoscalars are compatible with the BRST Ward identities in Euclidean
space.
Of course, the BV formalism allows one to deal with locally or globally supersymmetric
theories without auxiliary fields. This is in our case an enormous advantage, because
the auxiliary fields for N = 2 supergravity are quite complicated [16]. For N = 2 super
Yang-Mills theory [17] they are not complicated and we could have incorporated them.
We shall study N = 2, D = 4 Euclidean super Yang-Mills theory. In this model the
two Majorana spinors are written, in Minkowski spacetime and in Euclidean space, as
one complex spinor. This model has one real scalar and one real pseudoscalar, so it is an
ideal testing ground for our purposes. Applying the Wick rotation rules, one obtains a
hermitean action in Euclidean space, which has again N = 2 supersymmetry, but with a
kinetic action for the pseudoscalar with the wrong sign. We derive some Ward identities
and explicitly verify them at the one-loop level. Our conclusion is that the Euclidean Ward
identities are satisfied if one uses the minus sign and factors of i for the pseudoscalars, but
one can equally well redefine ϕ→ iϕ both in the action and in the Ward identities, thus
obtaining the standard positive-definite kinetic action, at the expense of hermiticity of
the action. Since unitarity is a concept in Minkowski space only, violation of hermiticity
of a Euclidean action poses no problem.
One is of course also interested in local supersymmetry, i.e. supergravity. We consider
N = 2, D = (3, 1) supergravity which was the first extended supergravity, constructed
in 1976 [18]. It unifies electromagnetism and gravity, and does so by introducing two
gravitinos. In this model, the two Majorana gravitinos combine in Minkowski spacetime
into one complex gravitino ψαµ . The Wick rotation now involves both a matrix Oµ
ν for
the vector index and a matrix Oαβ for the spinor index. The other fields, the real vielbein
eµ
a and the real vector field Aµ, are not complexified and are again real in Euclidean
space. We construct N = 2, D = 4 Euclidean supergravity including the supersymmetric
cosmological constant by using the Wick rotation of [5] with the O-matrices. For example,
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the Minkowski transformation rule for the gravitino ψµ with µ = 0 reads
δǫψ0 = . . .+
1√
2
gκ−2γ0ǫ , γ0 = e0
aγa ,
in anti-de Sitter supergravity [19]. It becomes in Euclidean space3
iOαβ δǫψ
β E
4 = . . .+
1√
2
gκ−2 (iγ4ǫ)
α ,
and defining ǫ ≡ OǫE , one obtains
δǫψ
E
4 = . . .+
1√
2
gκ−2(O−1γ4O)ǫE .
One identifies then O−1γ4O as the Euclidean Dirac matrix γ4E, which, in fact, is equal
to the usual (Minkowski) matrix γ5 [5]. Similarly, in Dirac actions we encounter the
structure L = ψ†γ5EγµE∂µψ, where µ runs from 1 to 4, because γ4 in ψ = ψ†γ4 becomes
Oγ4O = γ4 = −γ5E. This action clearly preserves SO(4) symmetry with generators
1
4
[γµE , γ
ν
E].
In the quantization of gravity theories with spinors in Minkowski space, there are not
only Einstein ghosts Cµ and antighosts C¯µ, but also Lorentz ghosts C
ab and antighosts
C¯ab. We can also first make a Wick rotation on the classical theory, and then quantize.
One obtains then SO(4) (anti-) ghosts. The Lorentz ghosts are, as expected, related to
the SO(4) ghosts by a Wick rotation. We can fix the Lorentz symmetry at the classical
level by requiring the vielbein to be symmetric, but it is better to avoid such constraints
on the vielbein at the quantum level and to accept the presence of the Lorentz (anti-)
ghosts. If desired, one can eliminate them from the quantum theory by their algebraic
field equations [20]. (We recall that this does not mean that we put the theory on-shell,
but, rather, that one performs a simple Gaussian integration in the path integral.) There
is no problem with the negative signs due to the Lorentz metric for Berezin integration.
We keep the Lorentz or SO(4) (anti-) ghosts at all stages.
Since the standard BV formalism deals with gauge theories and the presence of rigid
symmetries requires some extra discussion, and also since for applications the supergravity
part is more interesting than the super Yang-Mills part, we begin with the former.
2 Euclidean N=2 Supergravity
Pure N = 2 extended supergravity in four-dimensional Minkowski spacetime was formu-
lated in [18]. The field content consists of a vielbein eµ
a, a vector Aµ (the graviphoton)
and two Majorana spinors χ1µ, χ
2
µ (the gravitinos). In [19] the model was generalized to
include a minimal coupling of the graviphoton to the gravitinos, which requires the pres-
ence of a non-vanishing cosmological constant. For the continuation to Euclidean space it
is convenient to combine the gravitinos into a complex Dirac spinor ψµ = (χ
1
µ+ iχ
2
µ)/
√
2.
3Use that if t → −iτ , the covariant index µ = 0 of eµa acquires a factor +i, but the contravariant
index a = 0 a factor −i. Then use −iγ0 = γ4. Note that in flat space eµa = δaµ both in Minkowski and
in Euclidean space.
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The action then reads for the Minkowski theory4
S0 =
∫
d4x
[
e
2κ2
R(e, ω)− i εµνρσψµγ5γνDρψσ − 14 e F
µνFµν +
6g2
κ4
e
− iκ
2
√
2
ψµ
[
e (F µν + Fµν) + iγ5(F˜ µν + F˜µν) + 4ig
κ2
e γµν
]
ψν
]
, (1)
where a long bar denotes Dirac conjugation. (We shall use short bars as in (23) to denote
antighosts.) The curvature scalar is given in terms of the inverse vielbein and the spin
connection by
R = ea
µeb
νRµν
ab , Rµν
ab = ∂µων
ab − ∂νωµab + ωµacωνcb − ωνacωµcb , (2)
while Fµν and F˜µν denote the supercovariant field strength and its Hodge-dual respec-
tively,
Fµν = Fµν + iκ√
2
(ψµψν − ψνψµ) , F˜µν = 12εµνρσFρσ . (3)
The operator Dµ entering the kinetic term of the gravitinos is the Lorentz- and gauge-
covariant derivative,
Dµψν = (Dµ − igAµ)ψν
Dµψν = ∂µψν +
1
4
ωµ
abγabψν , Dµeν
a = ∂µeν
a − ωµbaeνb . (4)
The spin connection ωµ
ab is the function of the vielbein and gravitinos that satisfies its
equation of motion δS0/δωµ
ab = 0 (1.5 order formalism [21]),
ωµab = ωµab(e) +
κ2
4
(ψaγµψb + ψaγbψµ − ψµγbψa − a↔ b) . (5)
The supersymmetry transformations with Dirac (i.e., complex) spinor parameter ǫ(x)
read
δǫeµ
a = 1
2
κ(ǫγaψµ − ψµγaǫ)
δǫAµ =
i√
2
(ψµǫ− ǫψµ)
δǫψµ = κ
−1Dµǫ− i2√2 γν(Fµν + ie γ5F˜µν) ǫ+ 1√2 gκ−2γµǫ . (6)
Using these rules one easily verifies that Fµν in (3) and ωµab in (5) are supercovariant (in
the variations the ∂µǫ terms cancel).
We now employ the Wick rotation prescription for Dirac spinors presented in [5],
ψ → OψE , ψ† → ψ†E O , O = eγ
4γ5π/4 , (7)
4We use the following conventions in Minkowski spacetime: {γa , γb} = 2ηab, η00 = −1, γab = γ[aγb] =
1
2 (γ
aγb − γbγa), ψ = ψ†γ4, γ4 = iγ0, γ5 = γ1γ2γ3γ4, γµ = γaeaµ, ε0123 = 1, e = det eµa.
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along with the usual rules t → −iτ and Aµ = (A0, ~A )µ → (iAE4 , ~AE)µ. The matrix O
is unitary and satisfies Oγ4 = γ4O−1. The Euclidean γ-matrices are related to those in
Minkowski spacetime by
γaE = O
−1γaO ⇒ γiE = γi , γ4E = γ5 , γ5E = γ1Eγ2Eγ3Eγ4E = −γ4 , (8)
where a now runs from 1 to 4. In particular, one has ψ → −ψ†Eγ5EO−1. These rules yield
the following Euclidean action, where we have included a factor (−1) so that it enters the
path integral via exp(−S0) (from now on we drop all subscripts E that denote Euclidean
quantities)
S0 =
∫
d4x
[
− e
2κ2
R(e, ω)− εµνρσψ†µγνDρψσ + 14 e F
µνFµν − 6g
2
κ4
e
− iκ
2
√
2
ψ†µγ5
[
e (F µν + Fµν) + γ5(F˜ µν + F˜µν) + 4ig
κ2
e γµν
]
ψν
]
. (9)
Note that S0 is hermitean.
The supercovariant field strength and spin connection in Euclidean space read
Fµν = Fµν − iκ√
2
(ψ†µγ5ψν − ψ†νγ5ψµ) (10)
ωµab = ωµab(e)− κ
2
4
(ψ†aγ5γµψb + ψ
†
aγ5γbψµ − ψ†µγ5γbψa − a↔ b) . (11)
The former occurs in the action and the transformations only in the combination
Gµν = Fµν + e γ5F˜µν . (12)
The Wick rotation produces the following local supersymmetry transformation rules in
Euclidean space
δǫeµ
a = 1
2
κ(ψ†µγ5γ
aǫ− ǫ†γ5γaψµ)
δǫAµ =
i√
2
(ǫ†γ5ψµ − ψ†µγ5ǫ)
δǫψµ = κ
−1Dµǫ− i2√2 γνGµν ǫ+ 1√2 gκ−2γµǫ . (13)
Using these rules one can again verify that Fµν and ωµab are supercovariant, and that the
action (9) is invariant.
S0 is also invariant under the following BRST transformations of the supergravity mul-
tiplet5
s0eµ
a = Cν∂νeµ
a + ∂µC
νeν
a − Cbaeµb + 12κ (ψ†µγ5γaξ − ξ†γ5γaψµ)
s0Aµ = C
ν∂νAµ + ∂µC
νAν + ∂µC +
i√
2
(ξ†γ5ψµ − ψ†µγ5ξ)
s0ψµ = C
ν∂νψµ + ∂µC
νψν +
1
4
Cabγabψµ − κ−1Dµξ + i2√2 γνGµνξ
− 1√
2
gκ−2γµξ + igC ψµ
5Replace ǫ by −Λξ with imaginary Λ and remove Λ from the left.
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s0ψ
†
µ = C
ν∂νψ
†
µ + ∂µC
νψ†ν − 14Cabψ†µγab + κ−1Dµξ† + i2√2 ξ†Gµνγν
+ 1√
2
gκ−2ξ†γµ − igC ψ†µ , (14)
which include general coordinate transformations, local SO(4) rotations, U(1) gauge trans-
formations and supersymmetry transformations with corresponding ghosts Cµ, Cab, C and
ξ, ξ† respectively. The latter are commuting Dirac spinors. The BRST transformations
of the ghosts follow from the commutator algebra of the local symmetries; alternatively,
they can be derived from imposing (on-shell) nilpotency of s0 on the above fields. We
obtain in either case
s0C = C
µ∂µC +
i√
2
κ−1ξ†γ5ξ + 12Aµ ξ
†γ5γ
µξ
s0C
µ = Cν∂νC
µ − 1
2
ξ†γ5γ
µξ
s0C
ab = Cµ∂µC
ab + CacCc
b − 1
2
ξ†γ5(γ
µωµ
ab + i√
2
κGab +
√
2 gκ−1γab)ξ
s0ξ = C
µ∂µξ +
1
4
Cabγabξ − 12κψµ (ξ†γ5γµξ) + igC ξ
s0ξ
† = Cµ∂µξ
† − 1
4
Cabξ†γab + 12κ (ξ
†γ5γ
µξ)ψ†µ − igC ξ† . (15)
The ghosts behave like tensors under coordinate transformations, except for the coordinate
ghosts themselves, for which dCµ transform as coordinate vectors [22].
Since we did not include auxiliary fields in the supergravity multiplet, the commutator
algebra closes only on-shell on the gravitinos, which implies that on these s0 is not nilpo-
tent but squares into a trivial gauge transformation (namely a field equation). Also one
finds that nilpotency holds on the SO(4) rotation ghosts only modulo the field equations
of the gravitinos,
s20 ψµ =Mµν
δS0
δψ†ν
+
δS0
δψν
Nνµ , s
2
0C
ab = Σabµ
† δS0
δψ†µ
+
δS0
δψµ
Σabµ
s20 (other fields) = 0 , (16)
where
Mµν
α
β = − 1
8e
[
(γ5γ
ρξ)α(ξ†γ5γνγµρ)β − (γ5ξ)α(ξ†γ5γνγµ)β − (γ5γµνξ)α(ξ†γ5)β
+ (γ5γ
ρξ)α(ξ†γ5γργνγµ)β + 2ξ
†ξ (γνγµ)
α
β
]
Nνµ
βα = − 1
8e
[
(γ5γµργνξ)
β(γ5γ
ρξ)α + (γ5ξ)
β(γ5γµνξ)
α + (γµγνξ)
βξα
]
Σαµab =
κ
8e
ea
ρeb
σ
[
e εµνρσ(γ5ξ)
α ξ†γ5γ
νξ + (γρσγµγ5ξ)
α ξ†ξ
]
. (17)
In order to obtain a nilpotent BRST operator and to quantize the model, we employ
the Batalin-Vilkovisky approach [12, 11]. There exist off-shell formulations for N = 2
extended supergravity [16], but these are quite complicated, and working with the BV
formalism without auxiliary fields is much simpler for our aim of checking Ward identities.
With auxiliary fields the local gauge algebra of general coordinate transformations, local
Lorentz (SO(4) in the Euclidean case) transformations, local supersymmetry transforma-
tions and U(1) gauge transformations closes off-shell. In particular the commutator of two
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local susy transformations produces a local Lorentz transformation with a parameter that
depends on the auxiliary fields. This explains why s20C
ab is nonvanishing when these are
absent, because the auxiliary fields transform under local supersymmetry transformations
into gravitino field equations.
The BV formalism involves the construction of an extension S[Φ,Φ∗] of the action
S0[Φ] that satisfies the master equation (the superscripts L and R denote left and right
differentiation respectively, where we frequently omit the L for left-derivatives)
(S, S) = −2
∫
d4x
δRS
δΦ∗A
δLS
δΦA
= 0 . (18)
Here the ΦA collectively denote the fields in the supergravity multiplet and the ghosts,
while the Φ∗A are the antifields conjugate to Φ
A with respect to the antibracket, i.e.(
ΦA(x),Φ∗B(y)
)
= δAB δ(x − y). One assigns antifield numbers (af) and ghost numbers
(gh) to the antifields according to the relation af Φ∗A = −ghΦ∗A = 1+ ghΦA; for the fields
af ΦA = 0. (For example, af A∗µ = 1 and af C∗µ = 2.) Given a solution to the master
equation, the corresponding BRST operator
s = (S, · ) =
∫
d4x
(
δRS
δΦA
δ
δΦ∗A
− δ
RS
δΦ∗A
δ
δΦA
)
(19)
is automatically nilpotent. It decomposes into pieces sk of definite antifield number k,
s =
∑
k≥−1 sk, with s−1Φ
A = 0 and s0Φ
A as in (14) and (15).
The minimal solution to (18) contains terms bilinear in the antifields and is given by
Smin = S0 −
∫
d4x
(
s0eµ
a e∗µa + s0AµA
∗µ + ψ∗µ s0ψµ + s0ψ
†
µ ψ
†∗µ
+ s0C C
∗ + s0C
µ C∗µ + s0C
ab C∗ab − ξ∗s0ξ + s0ξ† ξ†∗
+ ψ∗µMµνψ
†∗ν + 1
2
ψ∗µNµνψ
∗ν t + 1
2
ψ†∗µ tN †µνψ
†∗ν
+ ψ∗µΣabµ C
∗
ab + Σ
ab
µ
†ψ†∗µC∗ab
)
. (20)
The terms in the first line have antifield number 1 (except S0, which has vanishing antifield
number), those in the second and third line have af = 2 and the last line has af = 3.
This extended Euclidean action is hermitean if we define (Φ∗A)
† = −(ΦA†)∗ as usual.
From Smin we obtain the nilpotent BRST transformations of ψµ and C
ab
sψµ = (Smin, ψµ) = −δSmin
δψ∗µ
= s0ψµ +Mµνψ
†∗ν + ψ∗νNνµ + Σ
ab
µ C
∗
ab
sCab = (Smin, C
ab) = −δSmin
δC∗ab
= s0C
ab + ψ∗µΣabµ + Σ
ab
µ
†ψ†∗µ . (21)
On all other fields we have sΦA = s0Φ
A exactly.
In order to gauge-fix the various local symmetries of the action, we introduce as usual
a nonminimal sector, consisting of Nakanishi-Lautrup auxiliary fields bµ, bab, b, β, β
†,
the antighosts C¯µ, C¯ab, C¯, ξ¯, ξ¯
† (short bars denote antighosts), and the corresponding
antifields. To fix supersymmetry, we employ in addition a second pair of Dirac spinors
8
η, η† and ̺, ̺†, whose role will be explained below. C¯, C¯µ, C¯ab, β, β†, η and η† are
anticommuting, the other fields are commuting.
The action for the nonminimal sector is
Snon =
∫
d4x
(− bµ C¯∗µ − bab C¯∗ab − b C¯∗ + ξ¯∗β − β†ξ¯†∗ + ̺∗η − η†̺†∗) . (22)
Because the fields and antifields in Snon are different from the fields and antifields in Smin,
S = Smin + Snon satisfies the master equation (18). The BRST transformations for the
nonminimal sector are obtained by taking the antibracket with S,
sC¯µ = bµ , sbµ = 0
sC¯ab = bab , sbab = 0
sC¯ = b , sb = 0
sξ¯ = β , sβ = 0 , s̺ = η , sη = 0
sξ¯† = β† , sβ† = 0 , s̺† = η† , sη† = 0 . (23)
The reason for the last two definitions will become clear below.
We now replace the antifields by
Φ∗A = − δδΦA Ψ[Φ] , (24)
where A refers to all fields including the nonminimal sector and Ψ is a suitably chosen
gauge-fixing fermion of ghost number −1. Upon elimination of the Φ∗A in S = Smin+Snon
we obtain
SΨ[Φ] = S[Φ,Φ
∗ = −δΨ/δΦ] = S0[Φ] + s0Ψ+ . . . . (25)
The ellipses denote four-ghost terms that arise from the antifield bilinears in S and will
be given explicitly below. SΨ is invariant under the gauge-fixed BRST transformations
sΨ Φ
A = sΦA|Φ∗=−δΨ/δΦ . (26)
At this point we have specified the quantum action for any choice of Ψ.
We now turn to a suitable choice for Ψ. If one considers a complex gravitino in a back-
ground gravitational field, a gauge-fixing term for local supersymmetry that manifestly
preserves the Euclidean space symmetries is given by e ψ† ·γ γ5D/ γ ·ψ. This gauge-fixing
term is obtained from the usual one in Minkowski spacetime [21] by the Wick rotation
discussed above. It is well-known that such a gauge-fixing term which depends on the
vielbein field leads to additional Nielsen-Kallosh (NK) ghosts [23]. Since we are consid-
ering a dynamical gravitational field and want to avoid spurious vertices, we prefer a
vielbein-independent gauge-fixing term ψ†·γˆ γ5∂/ γˆ·ψ with γˆµ ≡ γaδµa and ∂/ ≡ γˆµ∂µ. Both
terms give the same propagators. However, we find it worthwile first to consider the more
general case e ψ† ·γ γ5D/ γ ·ψ and afterwards to take the flat space limit.
In a path integral approach we could start from
∆FP δ(γ ·ψ − χ) δ(ψ† ·γ − χ†)
∫
[dχ] [dχ†] exp
(
− 1
2k
∫
d4x e χ†γ5D/χ
)
(det γ5D/ )
−1 .
(27)
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The term (det γ5D/ )
−1 is a normalization factor of the path integral over χ and χ† and
leads to a complex commuting NK ghost. (For N = 1 theories one has Majorana spinors
χ and a factor (det γ5D/ )
−1/2. One replaces this by (det γ5D/ )1/2 (det γ5D/ )−1 and obtains
then one real anticommuting NK ghost and one pair of commuting NK ghosts. In Eu-
clidean space one can take complex holomorphic NK ghosts, similar to the approach for
Majorana spinors in Euclidean space discussed in the introduction. For N = 2 theories we
can directly take one complex commuting ghost because the Dirac action for a complex
commuting spinor is nonvanishing.) The factor ∆FP yields the susy ghost action of the
form κ−1eξ¯†γ5D/ ξ + h.c. (obtained from the usual ghost action in Minkowski spacetime
by the Wick rotation).
We must now find the corresponding expressions in the BV formalism. This is surpris-
ingly complicated. The most straightforward way to proceed would be to start from the
following nonlocal gauge-fixing fermion Ψ,
Ψ =
∫
d4x e ξ¯†γ5(γ ·ψ − kD/ −1β)− h.c.
s0Ψ =
∫
d4x e
[
β†γ5(γ ·ψ − k D/ −1β) + ξ¯†γ5 s0(γ ·ψ)
]
+ h.c. (28)
where k is the gauge-fixing parameter. (We are considering a background gravitational
field and a gravitino-independent spin connection for the time being, so the vielbein fields
in the gauge-fixing fermion are not varied.) Eliminating β we would indeed find the desired
gauge-fixing term e ψ†·γ γ5D/ γ ·ψ, and the complex NK ghost from the path integral over
β and β†. However, the main virtue of the BV formalism is that it tries to avoid problems
connected to the path integral measure, and therefore it is preferable to extend the above
approach in such a way that all nonlocal terms in the action cancel. This is possible for
N = 1 theories if one introduces two contractible pairs η1, ̺1 and η2, ̺2 (all of which are
Majorana spinors) with BRST transformations
sη1 = ̺1 , s̺1 = 0 , s̺2 = η2 , sη2 = 0 . (29)
The ηi are anticommuting, while the ̺i are commuting. One may add to the action the
BRST exact term
s(ηt1CD/ ̺2) = ̺t1CD/ ̺2 − ηt1CD/ η2
= ̺t1CD/ ̺2 − 12λtCD/λ+ 12χtCD/χ− 12Dµ(ηt1Cγµη2) , (30)
where C is the Euclidean charge conjugation matrix6 and λ = (η1 + η2)/
√
2, χ = (η1 −
η2)/
√
2. Shifting χ→ χ+D/ −1β, we find the anticommuting NK ghost λ, the two commut-
ing NK ghosts ρi, and further a term β
tCD/ −1β which cancels the nonlocal contribution
from the BRST variation of the gauge-fixing fermion. One is left with terms of the form
βtC(γ ·ψ + 2kχ) + χtCD/χ, and integration over β and χ yields the desired gauge-fixing
term (γ ·ψ)tCD/γ ·ψ. In this way we end up with the same result as from the path integral.
6The Euclidean C is obtained from the Minkowski matrix CM via C = OtCMO with O as in (7)
and satisfies the same relations in Euclidean space as in Minkowski spacetime, namely Ct = −C and
Cγµ = −γtµC, c.f. [5].
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We now generalize these results to the case N = 2, but at the same time we aim
for ψ† · γˆ γ5∂/ γˆ ·ψ as the supersymmetry fixing term. We have been able to achieve this
with only one new complex contractible pair of fields η and ̺. Consider the following
gauge-fixing fermion
Ψ =
∫
d4x
[
C¯
(
∂µAµ − k1 b
)
+ C¯µ
(
∂ν(eg
µν)− k2 bµ
)
+ C¯ab
(
(δµaeµb − δµb eµa)− k3 bab
)
+ k4 η
†γ5∂/̺− k4 ̺†γ5∂/η
− ξ¯†γ5
(
γˆ ·ψ − k4 ∂/−1β
)
+
(
ψ† ·γˆ − k4 β†
←
∂/−1
)
γ5ξ¯
]
. (31)
We chose to contract world indices with δµν rather than the metric in order to have
a minimal number of vertices to deal with when we check the Ward identities. Upon
elimination of the Φ∗A by using (24) in S = Smin + Snon, we obtain
SΨ = S0 + s0Ψ+
∫
d4x
(
ξ¯†γ5γˆ
µMµν γˆ
νγ5ξ¯ − 12 ξ¯†γ5γˆµNµν(ξ¯†γ5γˆν)t
− 1
2
(γˆµγ5ξ¯)
tN †µν γˆ
νγ5ξ¯
)
. (32)
The first two lines of (20) have given a result which can also be written as s0Ψ by using
the chain rule, the third line of (20) gives the remaining terms in (32), while the last
line in (20) vanishes because Ψ does not depend on the SO(4) ghosts Cab. The BRST
variation of Ψ yields the gauge-fixing terms and the ghost action (up to the four-ghost
terms in (32) which are due to the non-closure of the supersymmetry algebra),
s0Ψ =
∫
d4x
[
b (∂µAµ − k1 b) + bµ
(
∂µ(eg
µν)− k2 bµ
)
+ bab
(
(eab − eba)− k3 bab
)
+ ∂µC¯ s0Aµ + ∂µC¯
νs0(eg
µν)− C¯abs0(eab − eba)
− β†γ5γˆ ·ψ − ψ† ·γˆγ5β + 2k4 β†γ5∂/−1β − 2k4 η†γ5∂/η
− ξ¯†γ5 s0(γˆ ·ψ) + s0(ψ† ·γˆ)γ5ξ¯
]
, (33)
where we have integrated by parts. The nonlocal term β†γ5∂/−1β can be removed by means
of a shift η → η − ∂/−1β, after which the third line in the above equation reads
−β†γ5
(
γˆ ·ψ − 2k4 η
)− (ψ† ·γˆ − 2k4 η†)γ5β − 2k4 η†γ5∂/η . (34)
We can now eliminate the auxiliary fields by their algebraic equations of motion, which
results in
s0Ψ =
∫
d4x
[
1
4k1
(∂µAµ)
2 +
1
4k2
(
∂µ(eg
µν)
)2
+
1
4k3
(eab − eba)2
+ ∂µC¯ s0Aµ + ∂µC¯
νs0(eg
µν)− C¯abs0(eab − eba)
− 1
2k4
ψ† ·γˆ γ5∂/(γˆ ·ψ)− ξ¯†γ5 s0(γˆ ·ψ) + s0(ψ† ·γˆ)γ5ξ¯
]
, (35)
and the BRST transformations of the antighosts turn into
sΨ C¯ =
1
2k1
∂µAµ , sΨ C¯
µ =
1
2k2
∂ν(eg
µν)
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sΨ C¯
ab =
1
2k3
(eab − eba) , sΨ ξ¯ = 1
2k4
∂/(γˆ ·ψ) . (36)
At this point the complete quantum action is explicitly known: it is given by (32) and
(35).
Our aim is to explicitly check the infinite and finite parts of Ward identities. To avoid
the complications of propagators in anti-de Sitter space, we set the cosmological constant
g = 0 (the present paper is a pilot program for more complicated studies with g 6= 0).
Hence we expand about flat space. A convenient choice for the gauge-fixing parameters
is k1 =
1
2
, k2 = κ
2, k3 = 0, k4 = 1, which yields the following propagators for the
supergravity multiplet
〈AµAν〉0 = 1
p2
δµν , 〈cµν cρσ〉0 = 1
2p2
(δµρδνσ + δµσδνρ − δµνδρσ)
〈ψµ ψ†ν〉0 = i2p2 γ5γˆνp/ γˆµ , (37)
where eµ
a = δaµ + κ cµ
a. The ghost propagators read
〈C C¯〉0 = 1
p2
, 〈Cµ C¯ν〉0 = − 1
p2
δµν
〈Cˆab C¯cd〉0 = 1
2
δc[aδ
d
b] , 〈ξ ξ¯†〉0 = κ ip2 γ5 p/ , (38)
where we have shifted Cˆab = Cab + δµ[a∂b]C
µ in order to diagonalize the kinetic terms of
the ghosts [21]. Note the occurence of γ5 in the propagators of the spinors.
We are now ready to compute Ward identities. These are derived by first making the
substitution Φ∗A = KA−δΨ/δΦA instead of (24), where theKA are a set of external sources
for the gauge-fixed BRST transformations7 introduced in [11]. Since this substitution is
a canonical transformation, SΨ[Φ, K] satisfies a master equation similar to (18)∫
d4x
δRSΨ
δKA
δLSΨ
δΦA
= 0 . (39)
Now consider the generating functional
Z[J,K] =
∫
[dΦ] exp
(
− SΨ[Φ, K] +
∫
d4x ΦAJA
)
, (40)
and perform an infinitesimal change of integration variables ΦA → ΦA + δRSΨ/δKA.
Assuming the path integral measure to be invariant, one obtains∫
d4x
δRZ
δKA
JA = 0 . (41)
The same relation holds for the generating functional W = lnZ of connected Green
functions. (Right-) differentiation with respect to the sources JA and setting JA = KA = 0
afterwards then yields the Ward identities for connected graphs
sΨ〈ΦA1(x1) . . .ΦAn(xn)〉 = 0 , (42)
7One has SΨ[Φ,K] = S0 + s0Ψ−
∫
sΨΦ
A KA + . . . .
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expressing the BRST invariance of the Green functions.
We consider the identity for the two-point function 〈Aµ(x) C¯(y)〉. The Fourier trans-
formed identity reads
0 = −ipν〈Aµ(p)Aν(−p)〉+ ipµ〈C(p) C¯(−p)〉
+ 〈Cν∗ ∂νAµ(p) C¯(−p)〉+ 〈∂µCν∗Aν(p) C¯(−p)〉
+ i√
2
〈ξ†γ5 ∗ ψµ(p) C¯(−p)〉 − i√2 〈ψ†µγ5 ∗ ξ(p) C¯(−p)〉 . (43)
It obviously holds at tree level. For g = 0 the relation is easily verified also at the one-
loop level. From (32) and (35) we infer that there are no vertices involving the ghost C,
so only the Green function 〈AµAν〉 receives any loop contributions at all and the Ward
identity expresses the transversality of the sum of these graphs. The one-loop diagrams
consist of a gravitino loop, a vector-graviton loop and various tadpoles (i.e., loops with
one internal line). The latter vanish in dimensional regularization since all fields are
massless. Transversality of 〈AµAν〉 at one loop now follows from the fact that Aµ enters
the relevant vertices only via its field strength, which implies that the contraction with pν
vanishes. Of course, this argument hinges on a suitable regularization that can deal with
the presence of γ5 and the Levi-Civita tensor in the vector-gravitino vertices.
This Ward identity is admittedly very simple. Other identities are quite complicated
due to the gravitational interactions. Our aim was to develop the formalism to the point
of explicit Feynman diagrams, and this we have achieved.
3 Euclidean N=2 Super Yang-Mills
As explained in the introduction, the continuation to Euclidean space of theories which
contain pseudoscalars gives rise to certain unusual signs and factors of i in the action and
transformation rules that originate from the Wick rotation ϕ → iϕE of pseudoscalars ϕ.
For an ordinary scalar φ one has of course just φ → φE. In particular, the kinetic terms
of the pseudoscalars enter the Euclidean action with the “wrong” sign, which leads to
propagators with a sign opposite to that of the scalar propagators. At first sight this
seems to spoil the Ward identities, since diagrams containing internal pseudoscalar lines
acquire a factor (−1) from each of the corresponding propagators. However, the vertices
also acquire a factor i for each pseudoscalar, leading to an additional factor (−1) from
the two endpoints of every internal pseudoscalar line. These restore the signs of the
propagators, such that there is no violation of the Ward identities coming from the Wick
rotation of the pseudoscalars.
We study the Ward identities in some detail in the example of N = 2 supersymmetric
Yang-Mills theory. The on-shell field content consists of one vector AIµ, one scalar φ
I , one
pseudoscalar ϕI , and one Dirac spinor λI for each generator TI of the gauge group. The
classical action in Euclidean space has been given first by Zumino in [4] and coincides
with the one derived from the Wick rotation rules of [5]. It reads (dropping again all
subscripts E)
S0 =
∫
d4x
[
1
4
F µνIF Iµν +
1
2
DµφI Dµφ
I − 1
2
DµϕI Dµϕ
I − λ†Iγ5γµDµλI
− igf IJKλ†I(γ5φJ + ϕJ)λK − 1
2
(gf IJKφJϕK)2
]
, (44)
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with covariant derivative Dµφ
I = ∂µφ
I + gf IJKAJµφ
K , etc. Note the signs of the kinetic
term of ϕI and of the scalar potential; clearly, the Euclidean action is not bounded from
below. For this model a set of three real scalar auxiliary fields is known, but we shall not
use them for reasons explained in the introduction.
The BRST transformations in Minkowski space in absence of auxiliary fields in the
supersymmetry multiplet have been worked out in [14]. Using the Wick rotation rules of
[5] one finds for the antifield-independent parts of the Euclidean BRST transformation
rules
s0A
I
µ = DµC
I + i ξ†γ5γµλ
I + iλ†Iγ5γµξ + C
ν∂νA
I
µ
s0φ
I = −gf IJKCJφK − ξ†γ5λI − λ†Iγ5ξ + Cµ∂µφI
s0ϕ
I = −gf IJKCJϕK + ξ†λI + λ†Iξ + Cµ∂µϕI
s0λ
I = −gf IJKCJλK −Dµ(φI − ϕIγ5)γµξ + i2 F Iµν γµνξ
+ igf IJKφJϕK γ5ξ + C
µ∂µλ
I
s0λ
†I = −gf IJKCJλ†K + ξ†γµDµ(φI − γ5ϕI)− i2 ξ†γµνF Iµν
+ igf IJKφJϕK ξ†γ5 + C
µ∂µλ
†I . (45)
Here the CI are the ghosts of gauge transformations. Further, ξ, ξ† and Cµ denote again
the supersymmetry and translation ghosts respectively, only now these are constant since
we are considering rigid supersymmetry and translations.
The BRST transformations of the ghosts read
s0C
I = −1
2
gf IJKCJCK + 2i ξ†(γ5φ
I + ϕI)ξ + 2 ξ†γ5γ
µξ AIµ + C
µ∂µC
I
s0C
µ = −2 ξ†γ5γµξ
s0ξ = 0 . (46)
As in the supergravity case, the BRST operator s0 is not nilpotent. We have
s20 λ
I = M
δS0
δλ†I
+
δS0
δλI
N , s20 (other fields) = 0 , (47)
where
Mαβ = 2(ξ
†ξ)δαβ − (γ5ξ)α (ξ†γ5)β − (γµγ5ξ)α (ξ†γ5γµ)β , Nαβ = −ξα ξβ . (48)
A nilpotent BRST operator s can be obtained from a solution S of an extended master
equation [9, 24]
(S, S) = −2
∫
d4x
(
δRS
δΦ∗A
δLS
δΦA
)
− 2 ∂
RS
∂C∗r
∂LS
∂Cr = 0 . (49)
Here the fields ΦA consist of the supersymmetry multiplet and the ghosts CI (and later
also the BRST auxiliary fields and antighosts), while the Cr denote the constant ghosts
Cµ, ξ, ξ† of the rigid symmetries. The minimal solution is given by
Smin = S0 −
∫
d4x
(
s0A
I
µA
∗µI + s0φ
I φ∗I + s0ϕ
I ϕ∗I + λ∗I s0λ
I + s0λ
†I λ†∗I
+ s0C
I C∗I + λ∗IMλ†∗I − 1
2
(λ∗Iξ)2 − 1
2
(ξ†λ†∗I)2
)
+ 2 ξ†γ5γ
µξ C∗µ . (50)
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This action is hermitean because (Φ∗A)
† = −(ΦA†)∗. The only constant term in this action
is the last one. It follows that s = (Smin, · ) = s0 on all fields ΦA and constant ghosts Cr
except for the gauginos λI , for which we find
sλI = s0λ
I + 2(ξ†ξ) λ†∗I − (ξ†γ5λ†∗I) γ5ξ + (ξ†γ5γµλ†∗I) γ5γµξ − (λ∗Iξ) ξ . (51)
In the gauge-fixing procedure we follow [14] and include also a translation in the BRST
transformations of the antighosts C¯I . (In (45) and (46) there are already translations of
the classical fields and internal symmetry ghosts.) The master equation then implies that
the auxiliary fields are not BRST-invariant, for the solution for the nonminimal sector
now reads
Snon = −
∫
d4x
(
sC¯I C¯∗I + sbI b∗I
)
, (52)
where
sC¯I = bI + Cµ∂µC¯
I , sbI = 2 ξ†γ5γ
µξ ∂µC¯
I + Cµ∂µb
I . (53)
The term sC¯I = bI is standard, but adding the translation term Cµ∂µC¯
I BRST nilpo-
tency leads to a nonvanishing transformation of bI . As gauge-fixing fermion for the local
symmetry we choose
Ψ =
∫
d4x C¯I
(
∂µA
µI − k bI) , (54)
where the real constant k denotes again the gauge-fixing parameter. Upon replacing
Φ∗A = −δΨ/δΦA in S = Smin + Snon the terms with two antifields vanish, whereas the
terms with one antifield yield the BRST variation of Ψ
s0Ψ = sΨ =
∫
d4x
[
bI(∂µA
µI − k bI) + ∂µC¯I
(
DµCI − 2k ξ†γ5γµξ C¯I
+ i ξ†γ5γ
µλI + iλ†Iγ5γ
µξ
)]
. (55)
The final quantum action is given by SΨ[Φ, ξ, ξ
†] = S0[Φ]+ s0Ψ. The result for the gauge-
fixing and ghost action is independent of the translation ghosts because we included
translations in (53) (as a result, Ψ in (54) is translation invariant). After elimination of
the bI the transformations of the antighosts read
sΨC¯
I =
1
2k
∂µA
µI + Cµ∂µC¯
I . (56)
The final BRST transformation rules sΨΦ
A are then given by (45), (46) and (56).
The opposite sign of the kinetic terms of the pseudoscalars ϕI implies an opposite sign
in the propagators. They read for the bosonic fields (taking k = 1
2
)
〈AIµAJν 〉0 = 1p2 δµνδ
IJ , 〈φI φJ〉0 = 1
p2
δIJ , 〈ϕI ϕJ〉0 = − 1
p2
δIJ . (57)
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The fields ΦA we couple to external sources as usual, but the constant ghosts Cr are
treated themselves as external sources (so the generating functional Z depends on Cr.)
We have then a nondiagonal kinetic matrix due to the mixed terms in (55)
∫
d4x
[− λ†Iγ5∂/λI + ∂µC¯I(∂µCI − 2k ξ†γ5γµξ C¯I + i ξ†γ5γµλI + iλ†Iγ5γµξ)] =
=
1
2
∫
d4p
(2π)4
(−C¯I(p) , CI(p) , √2 λ†I(p))MIJ


C¯J(−p)
CJ(−p)√
2 λJ(−p)

 , (58)
where MIJ is given by
MIJ = δIJ


4ik ξ†γ5p/ξ −p2
√
2 ξ†γ5p/
−p2 0 0
−√2 γ5p/ξ 0 iγ5p/

 . (59)
This matrix is easily inverted. The result is particularly simple in the Feynman gauge
k = 1
2
, which we had adopted already above,
(M−1)IJ = i
p2
δIJ


0 i 0
i (2− 4k) ξ†γ5p/ξ/p2 −
√
2 ξ†
0
√
2 ξ γ5p/

 . (60)
With k = 1
2
we find the following nonvanishing propagators
〈λI λ†J〉0 = − i
p2
γ5p/ δ
IJ , 〈CI C¯J〉0 = 1
p2
δIJ , 〈λI CJ〉0 = i
p2
ξ δIJ . (61)
Note that it was the inclusion of translations in the BRST transformations of the anti-
ghosts that led to the 4ik ξ†γ5p/ξ term in (59) and that enabled us to make the 〈CI CJ〉0
propagator vanish by a suitable choice of the gauge-fixing parameter. Note also that
one may diagonalize the propagators in the λI CJ sector by means of a field redefinition
λI → λI − iξC¯I . However, this would result in additional vertices and more complicated
BRST transformations, which we prefer to avoid.
The nonvanishing 〈λI CJ〉0 propagator signals the intertwining of gauge and supersym-
metry. Rigid supersymmetry is broken as usual by the gauge-fixing terms, but it fuses
with the usual BRST symmetry for the internal local symmetries into an extended BRST
symmetry which connects the local and the rigid symmetries. This fusion can also be
observed in the Ward identities. These are derived similarly to the previous case of su-
pergravity, only we set C∗r = 0 in addition to the substitution Φ∗A = KA − δΨ/δΦA in
S = Smin+Snon. (We could also have introduced an external source Kµ for C
µ to remove
the last term in (62), but we prefer to treat the constant ghosts as external fields.) The
action SΨ[Φ, K, C] = S0+ s0Ψ−
∫
sΨΦ
AKA+ . . . thus obtained then satisfies the master
equation
∫
d4x
(
δRSΨ
δKA
δLSΨ
δΦA
)
+ 2 ξ†γ5γ
µξ
∂SΨ
∂Cµ
= 0 , (62)
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which implies the following Ward identity for the generating functional Z[J,K, C]∫
d4x
(
δRZ
δKA
JA
)
+ 2 ξ†γ5γ
µξ
∂Z
∂Cµ
= 0 . (63)
We are now interested in the Ward identities (42), which are obtained by differentiating
the above equation with respect to the sources JA and setting JA = KA = 0. The second
term in (63) does not contribute to (42) since Cµ enters SΨ only via
∫
Cµ∂µΦ
AKA, which
when differentiated with respect to Cµ vanishes after setting KA = 0.
The 〈λI CJ〉0 propagator is crucial already at tree level. Consider as an example the
Ward identity
sΨ〈λI(x)AJµ(y)〉 = 0 . (64)
At tree level the composite operators in the BRST transformations do not contribute and
the Fourier transformed relation reads, writing only the nonvanishing two-point functions,
〈AIρAJµ〉0 γρνξ pν − i〈λI λ†J〉0 γ5γµξ + ipµ 〈λI CJ〉0 = 0 . (65)
The first two terms come from the supersymmetry transformations of λI and AJµ respec-
tively, while the last one originates from the gauge transformation of AJµ. The contribu-
tions from the translation ghosts in sΨλ
I and sΨA
J
µ cancel due to translational invariance.
Plugging in the propagators, we find
1
p2
δIJ (γµν − γ5γνγ5γµ − δµν)ξ pν = 0 , (66)
which is indeed satisfied. This checks the 〈λI CJ〉0 propagator in (61).
In order to investigate the effects of the sign of the pseudoscalar propagator, we shall
consider the following Ward identity for connected Green functions
∂
∂ξ
sΨ〈λI(x)ϕJ(y)〉 |ξ=ξ†=0 = 0 . (67)
The Fourier transformed identity reads
0 = 〈λI(p) λ†J(−p)〉 − iγ5p/ 〈ϕI(p)ϕJ(−p)〉 − gf IKLγ5γµ〈AKµ ∗ ϕL(p)ϕJ(−p)〉
+ g
∂
∂ξ
[
f IKL〈CK∗ λL(p)ϕJ(−p)〉 − fJKL〈λI(p)CK∗ ϕL(−p)〉] |ξ=ξ†=0 , (68)
where we have written only terms that contribute up to one-loop order. Using (57) and
(61) this relation is satisfied at tree level thanks to the nonstandard sign of the pseu-
doscalar propagator. At the one-loop level, the gaugino self-energy receives contributions
from virtual AIµ, φ
I and ϕI , while the pseudoscalar self-energy gets contributions from a
λI loop and a virtual AIµ. We regularize the divergent integrals by dimensional reduction
[25], where only coordinates and momenta are continued to dimensions d < 4, while the
spinors and vectors remain four-dimensional. Furthermore, we use tr(γµγν) = 4δµν and
{γµ, γ5} = 0 for all µ, i.e., algebraic manipulations involving γ-matrices are performed in
four dimensions [26]. We then find for the one-loop Green functions
〈ϕI(p)ϕJ(−p)〉 = 0
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〈λI(p) λ†J(−p)〉 = 2 iγ5p/ g2f IKLfJKL I(p2; d)
〈AKµ ∗ ϕL(p)ϕJ(−p)〉 = 32 ipµ gfJKL I(p2; d)
〈CK∗ λL(p)ϕJ(−p)〉 = 1
2
iγ5p/ξ gf
JKL I(p2; d)
〈λI(p)CK∗ ϕL(−p)〉 = iγ5p/ξ gf IKL I(p2; d) , (69)
where
I(p2; d) =
1
p2
1
(4π)2
Γ(2− d/2)
∫ 1
0
dα
(
4π
α(1− α)p2
)2−d/2
.
When plugged into (68), the poles and finite terms cancel and the Ward identity is verified.
The examples we have investigated show that at the perturbative level the Ward iden-
tities are satisfied if one uses the straightforward propagators (with extra minus signs for
the pseudoscalars). One can therefore calculate Feynman graphs in Euclidean supersym-
metric theories as easily as in Minkowskian theories.
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